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Transformations of the Inertia Tensor.
Connecting Inertia TensorsdndJ).

A translation.

Frank L. H. Wolfs

X«)) x?,
Center of mass of

the rigid object.
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Connectingnertia Tensors/(andJ).
The SteinerOs Paralbetis Theorem.

¥In thedisplacedeferencdrame(frameX):

Sy = zma (5zj§/xa,k2 B Xoc,iXa,jj
o

¥This Inertia tensoris relatedto the inertia tensorin the
referencdramewherethe origin is locatedat the centerof-
massof the object

J,; =1 +Zma (&jz%z —aiaj) =1+ M(5l.ja2 —aiaj)
o k
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Connecting Inertid ensors.
Rotations.

¥Rotationscanbe expresseth termsof arotationmatrix A
X, = 2/1] X
j
¥Thetransformatiorof theinertiatensorscanbewritten as

21 Al _Zﬂ‘zklkl/ltlm

or
Transposed matrix element

ry={aHa'}
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Problem 11.16.

Considerthefollowing inertiatensor

( 1 1 3
5(A+B) E(A—B)) 0
| 1 .
1} = E(A— B)) 5(A+ B) 0
k 0 0 C

Perform a rotation of the coordinatesystemby an angle 6

aboutthe x; axis Evaluatethe transformedensorelements,
and show that the choice 8 = 7#/4 rendersthe inertia tensor
diagonalwith elementsA, B, andC.
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Problem 11.16.

¥Therotationmatrixis

cos@ sinf@ 0 |
(k)z —sin@ cos@ O
0 0 1

¥Thetransformednertiatensons thus
(r) =(_%)(I)(N)=

%(A+B)+(A—B) cos Osin 6 %(A—B)cosz 9—%(A—B)sinz! 0

- —%(A—B)sinzl +%(A—B) cos? / %(A+B)—(A—B)cos! sin / 0

0 0 C |
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2 Minute 41 Secondhtermission.

¥Sincepayingattentionfor 1 GOOD MORNING
hourand 15 minutesis hard GOOD MORNING

when the topic Is physics,
letOstake a 2 minute 41
secondntermission

¥Youcan
¥ Stretchout
¥ Talk to your neighbors
¥ Ask meaquick guestion
¥ Enjoy thefantasticmusic
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Euler Angles.

(b)
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Euler Angles
Transformation Matrix.

~N NN

Rotation around x;0@xis.
Rotation around x,OéXxis.
Rotation around x50 axis.

l

" cos” &§n" 0% 1 0 % cos$ sng 0 %

/ :g l sn” cos” O % O cos# 9n# :$ l 9n$ cos$ 0 .« =
20 0 1 g# 0 sin# cos# 0 0 1%
" cos" cos$! cos#singsin” cos” Sin$+cos#cos$sin”  sn" sSin# °/0
:g l 9n"” cos$! cos#sn$cos” | In” Sn$+ cos#cos$cos” cos” Sn# o
b sin#sing | sin#cos$ cos# g
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Euler Angles.
Angular Velocity.

by 8 D dakeg 8! dqnseng +Acosg B

# & # & # L _ &
F=yp !, o=# ", +#,+8, &=# "sin#cos$ ' #d9n$ &
# # 1 &

# 1 3 % #h o+ +g, gb " “cos#+$ 0
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LagrangeOs equations for the three Euler
angles.

¥We canobtaina LagrangeQGsuationfor eachEulerangle
¥0:
d
5{130)3 cos@} =0
¥0:
¢5({Ila)1 siny + [,w, cost//}cosé? - Lo, sinH) —

d
E{Ila)1 cosv — I, w, sinl//} =0

¥y:

(11 _ 12)601602 L, =0—— Only equation that contains

just angular velocities.
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LagrangeOs equations for the three Euler
angles.

¥Sinceour choiceof coordinateaxeswas arbitrary, we can
find the following relationsfor the threecomponent®f the
angularvelocity.

(1,-1,)0@,—1,0,=0
(1, - 1) 0,0, 1,0, =0

(1,— 1) w0, — 1,0,=0
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Example: symmetric top.

¥Two different principle moments
[, =1, and[,.
¥Oneof the Eulerequationgells us
Lo, =0 Q
¥We thusconcludethat

w, () = constant = @,

¥Theothertwo Eulerequations

: I,—1
a)lz—( 31 1w3]w2:—£2w2
1

|, — |
o 3 1 _
1
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No external forces:
angular momentum Is conserved.

¥Sincethere are no external
forcesactingon the system,

the angular momentum x4 5
remainsfixed in the fixed L
referencdérame SRace
¥The rotational kinetic "¢
energyis alsoconstant .
9
1
T =—=I¥L .
rot o Body cone
X1

/7
X9

¥This requiresthat the angle
between the  angular
momentumand the angular x
velocity is constant
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ENOUGH FOR TODAY?
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