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Transformations of the Inertia Tensor.
Connecting Inertia Tensors (I and J).

Center of mass of 
the rigid object.

A translation.
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Connecting Inertia Tensors (I and J).
The SteinerÕs Parallel-Axis Theorem.

¥In thedisplacedreferenceframe(frameX):

¥This inertia tensor is related to the inertia tensor in the
referenceframewherethe origin is locatedat the center-of-
massof theobject:

Jij = mα δ ij Xα ,k
2

k
∑ − Xα ,iXα , j

⎛
⎝⎜

⎞
⎠⎟α

∑

Jij = Iij + mα δ ij ak
2

k
∑ − aiaj

⎛
⎝⎜

⎞
⎠⎟α

∑ = Iij +M δ ija
2 − aiaj( )
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Connecting Inertia Tensors.
Rotations.

¥Rotationscanbeexpressedin termsof a rotationmatrixl:

¥Thetransformationof theinertiatensorscanbewrittenas

or

xi = λ ji x ' j
j
∑

I 'im = λikλml Ikl
k ,l
∑ = λik Iklλ

t
lm

k ,l
∑

I '{ } = λ{ } I{ } λ t{ }
Transposed matrix element
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Problem 11.16.

Considerthefollowing inertiatensor:

Perform a rotation of the coordinatesystemby an angle q
aboutthe x3 axis. Evaluatethe transformedtensorelements,
and show that the choiceq = p/4 rendersthe inertia tensor
diagonalwith elementsA, B, andC.

I{ } =

1
2
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A − B)( ) 0
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Problem 11.16.

¥Therotationmatrix is

¥Thetransformedinertiatensoris thus

λ( ) =
cosθ sin θ 0
−sin θ cosθ 0
0 0 1

⎡

⎣

⎢
⎢
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⎤

⎦

⎥
⎥
⎥

′Ι( ) = λ( ) Ι( ) λt( ) =

=

1
2
A+B( )+ A−B( ) cosθ sin θ 1

2
A−B( ) cos2 θ − 1

2
A−B( ) sin2 ! 0

− 1
2
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2
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1
2
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2 Minute 41 Second Intermission.

¥Sincepayingattentionfor 1
hourand15 minutesis hard
when the topic is physics,
letÕstake a 2 minute 41
secondintermission.

¥You can:
¥ Stretchout.
¥ Talk to yourneighbors.
¥ Ask meaquickquestion.
¥ Enjoy thefantasticmusic.
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Euler Angles.
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Euler Angles.
Transformation Matrix.
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Rotation around x3Õ axis.

Rotation around x1ÕÕ axis.

Rotation around x3ÕÕÕ axis.
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Euler Angles.
Angular Velocity.
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LagrangeÕs equations for the three Euler 
angles.

¥WecanobtainaLagrangeÕsequationfor eachEulerangle:

¥f :

¥q :

¥y :

d
dt

I3ω 3 cosθ{ } = 0

!φ I1ω1 sinψ + I2ω 2 cosψ{ }cosθ − I3ω 3 sinθ( )−
d
dt

I1ω1 cosψ − I2ω 2 sinψ{ } = 0

I1 − I2( )ω1ω 2 − I3 !ω 3 = 0
Only equation that contains 
just angular velocities.
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LagrangeÕs equations for the three Euler 
angles.

¥Sinceour choiceof coordinateaxeswas arbitrary, we can
find the following relationsfor the threecomponentsof the
angularvelocity:

I1 − I 2( )ω1ω2 − I 3 !ω 3 = 0

I 2 − I 3( )ω2ω 3 − I1 !ω1 = 0

I 3 − I1( )ω 3ω1 − I 2 !ω2 = 0
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Example: symmetric top.

¥Two different principle moments:
I1 = I2 andI3.

¥Oneof theEulerequationstellsus:

¥Wethusconcludethat

¥Theothertwo Eulerequations:

I3 !ω 3 = 0

ω 3 t( ) = constant =ω 3

!ω1 = − I3 − I1
I1

ω 3
⎛
⎝⎜

⎞
⎠⎟
ω 2 = −Ωω 2

!ω 2 =
I3 − I1

I1
! 3

⎛
⎝⎜

⎞
⎠⎟
! 1 =Ω! 1
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No external forces:
angular momentum is conserved.

¥Since there are no external
forcesactingon thesystem,
the angular momentum
remains fixed in the fixed
referenceframe.

¥The rotational kinetic
energyis alsoconstant.

¥This requiresthat the angle
between the angular
momentumand the angular
velocity is constant.

Trot =
1
2

! ¥L
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ENOUGH FOR TODAY?


